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We study the evolution of reduced density matrix of an impurity coupled to a Fermi sea after the
coupling is switched on at time t = 0. We find the non-diagonal elements of the reduced density
matrix decay exponentially, and the decay constant is the impurity level width Γ. And we study the
information transfer rate between the impurity and the Fermi sea, which also decays exponentially.
And the decay constant is kΓ with k = 2 ∼ 4. Our results reveal the relation between information
transfer rate and decoherence rate.
PACS numbers: 03.65.Yz, 03.67.Mn, 73.23.-b
I. INTRODUCTION
Coherence is the fundamental characteristics of quan-
tum systems. The state of an isolated system is repre-
sented by a vector moving in Hilbert space. The state
vector decides the mean value and probability distribu-
tion of observables. But in reality truly isolated sys-
tems do not exist. The systems we can observe are all
open systems, which will exchange energy, matter and
information with the rest of the world. The state of an
open system is generally a mixed state and should be
represented by a density matrix. Open systems show
many different features from isolated ones. One of the
most important is decoherence [1–3], i.e., the nondiago-
nal elements of the density matrix in pointer state basis
rapidly decay to zero. The decoherence can be modelled
as a non-unitary process, which can be described by the
master equation with a Lindblad decohering term [4, 5].
The decoherence marks the boundary between quantum
world and classical world [6], and has been intensely stud-
ied because of its role in quantum measurement theory
and quantum computation [6, 7]. The two level sys-
tems coupled to spin bath [12] and oscillator bath [3]
are good examples for studying decoherence. Plenty of
works have been contributed to this subject (for a review
see Ref. [2, 6, 12]). Recently the two level system coupled
to fermionic bath [13, 14] emerged before the explorers.
In this paper we consider a simple fermionic bath: the
resonant level model.
Additionally there exists information transfer between
an open system and its environment. The quantum mea-
surement is realized due to the information transfer from
the system to apparatus. Zurek noticed the relation
between decoherence and information transfer from the
system to the observer and environment [6]. This rela-
tion is familiar to quantum mechanics community, as the
well known state vector collapse in measurement. And
the which-path experiments, which are designed to verify
complementarity principle, give a straightforward picture
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between decoherence and information about particle po-
sitions. Generally speaking, any one unavoidably cause
decoherence of a system when trying to get the informa-
tion of it.
The relation between information transfer and deco-
herence can be understood in the language of state vec-
tor. The system and environment compose an isolated
system which is supposed to be in a pure state. If the
composite system is all the time in a product state, the
state of the system we concern is always pure and its
evolution can be described by a unitary transformation.
And the system and environment share zero informa-
tion. Otherwise the composite system evolves into an
entangled state. The evolution of system we concern is
non-unitary, indicating decoherence process. At the same
time the system and environment exchange information,
increasing their mutual information into a finite value.
An open system is all the time transfering informa-
tion outside and suffering decoherence. The dynamics of
entropy entanglement (the half mutual information) has
been studied in different one dimensional systems [8–11].
While there is still little study about the relation between
decoherence rate and the information transfer rate in a
dynamical system. In this paper, we try to use an exactly
solvable model to demonstrate this relation.
II. TWO LEVEL SYSTEM COUPLED TO
FERMIONIC RESERVOIR
The resonant level model is an exactly solvable model
which has been widely used to describe the transport
through quantum dot. The Hamiltonian of resonant level
model is
Hˆ =
∑
k
ǫkcˆ
†
k
cˆk + ǫidˆ
†dˆ+ V
∑
k
(cˆ†
k
dˆ+ h.c.), (1)
where cˆk and dˆ are the single electron annihilation op-
erators in the lead and at the impurity site respectively.
We set the Fermi energy of the lead to be zero. The
resonant level model can be regarded as a two level sys-
tem coupled to Fermi sea, if we use |1〉 to represent the
2state when the impurity site is occupied by an electron
and |0〉 to represent the state when the impurity site is
empty. We suppose at initial time the state of the impu-
rity is (α|0〉 + β|1〉). The decoherence will happen after
we switch on the coupling between the impurity and the
Fermi sea at time t = 0. The pointer states are |0〉 and
|1〉. The non-diagonal elements of the reduced density
matrix of the impurity will decay to zero exponentially.
The simple way to get the elements of the reduced
density matrix at arbitrary time is to calculate the ob-
servables which can be related to them. We suppose the
reduced density matrix is expressed as
ρˆi(t) = ρ00(t)|0〉〈0|+ ρ11(t)|1〉〈1|
+ρ01(t)|0〉〈1|+ ρ10(t)|1〉〈0|. (2)
At time t = 0, we have ρ00(0) = |α|2, ρ11(0) = |β|2
and ρ01(0) = ρ
∗
10(0) = αβ
∗. We notice the annihilation
operator at the impurity site can be expressed as dˆ =
|0〉〈1| ⊗ 1F , where 1F is the identity operator on the
subspace of the Fermi sea. Then it is easy to know
〈dˆ(t)〉 = ρ10(t). (3)
Similarly we have dˆ† = |1〉〈0|⊗1F and dˆ†dˆ = |1〉〈1|⊗1F ,
which indicate ρ01(t) = 〈dˆ†(t)〉 and ρ11(t) = 〈dˆ†(t)dˆ(t)〉
respectively.
We could calculate the expectation value of dˆ(t) and
dˆ†(t)dˆ(t) by non-equilibrium Green’s function method
or by diagonalizing the Hamiltonian (1) (for details see
Ref. [15]). Here we follow the latter way, and first express
the Hamiltonian in hybridization basis as
Hˆ =
∑
s
ǫscˆ
†
scˆs, (4)
where cˆs =
∑
k
V
ǫs−ǫk
Bscˆk + Bsdˆ. The transformation
coefficient is Bs =
V√
(ǫs−ǫi)2+Γ2
, where Γ = ρπV 2 is
the linewidth of the impurity level and ρ the density of
states of the Fermi sea. The inverse transformation is
dˆ =
∑
s
Bscˆs and through this the time-dependent anni-
hilation operator evaluates
dˆ(t) = e−iǫit−Γtdˆ+ V
∑
k
e−iǫkt − e−iǫit−Γt
ǫk − ǫi + iΓ cˆk. (5)
For simplicity we set ~ = 1 throughout the paper. Con-
sidering the initial condition we then have ρ10(t) =
α∗βe−iǫit−Γt, ρ01(t) = αβ
∗eiǫit−Γt, and
ρ11(t) = V
2
∑
k
|ei(ǫk−ǫi)t − e−Γt|2
(ǫk − ǫi)2 + Γ2 θ(−ǫk)
+e−2Γt|β|2. (6)
The non-diagonal elements ρ01(t) and ρ10(t) decay ex-
ponentially, and the decay rate
d|ρ01(t)|
dt
=
d|ρ10(t)|
dt
∝
Γe−Γt. This is the effect of decoherence. Here the Fermi
sea plays the role of environment.
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FIG. 1: Information transfer rate between the impurity and
the Fermi sea. The impurity level is at the resonant position,
i.e., ǫi = 0. The top figure shows the time-dependent informa-
tion transfer rate. The bottom figure shows the logarithmic
information transfer rate. We see clearly the exponential de-
cay of T .
III. INFORMATION TRANSFER RATE
Next we study the information transfer between the
impurity and the Fermi sea. In an open system, such
as the impurity in resonant level model, the information
will broadcast to the environment. This is a stumbling
block in quantum computation, while a necessary pro-
cess in quantum measurement where our purpose is to
get the information of the system. The mutual informa-
tion between the system and the environment I measures
how much information is shared between them. Its time
derivative is a good measure of the information transfer
rate, which is defined in this paper as
T =
1
2
dI
dt
. (7)
Here we take the factor
1
2
because the information trans-
fer both from the impurity to the Fermi sea and vice
versa. The composite system of the impurity and the
Fermi sea is in a pure state. According to Schmidt de-
composition [7] we know the mutual information I is two
times of the entropy of the impurity, which can be got
from the eigenvalues of the reduced density matrix. We
find at arbitrary time the information transfer rate is
T =
dλ+
dt
(ln λ− − lnλ+), (8)
where λ± =
1±
√
1− 4(ρ00ρ11 − ρ01ρ10)
2
.
The non-diagonal elements of the reduced density ma-
trix decay exponentially, so does the information transfer
rate T (see Fig. 1). The information transfer rate gradu-
ally decreases when the mutual information between the
impurity and the Fermi sea increases to maximum. We
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FIG. 2: Information transfer rate at different |α|2 when ǫi = 0.
The decay constant of the information transfer rate depends
on |α|2.
employ Γ as the unit of information transfer rate and 1/Γ
the unit of time. The decay rate of the function T (t) de-
pends on Γ. At large time scale we approximately have
T ∝ Γe−kΓt, where k is a dimensionless constant. Recall-
ing the fact that the decay rate of non-diagonal density
matrix elements is proportional to Γe−Γt, we get the re-
lation between decoherence rate and information transfer
rate: they both decay exponentially, and their decay con-
stants are proportional to each other.
We find at large time scale the information transfer
rate does not depend on the position of the impurity level
ǫi, but only depends on the initial condition |α|2. Fig. 2
shows the information transfer rate at different |α|2. The
information transfer rate is proportional to Γe−kΓt, where
k decreases from 4 to 2 when |α|2 decreases from 1 to 0.5,
and increases back to 4 when |α|2 decreases from 0.5 to
0.
IV. SUMMARY AND CONCLUSION
We study the decoherence of an impurity coupled to a
Fermi sea after the coupling is switched on at time t = 0.
The exponential decay of non-diagonal elements in the
reduced density matrix of the impurity is observed. And
the decay constant is found to be Γ. We also study the
information transfer rate between the impurity and the
Fermi sea. At large time scale the information transfer
rate decays exponentially, and the decay constant is kΓ
with k = 2 ∼ 4 depending on the initial state of the im-
purity (or |α|2). Our study reveals the relation between
information transfer rate and decoherence rate.
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